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1. Motivation & Problem Statement



Context 1. Motivation & Problem Statement

Let us consider a variational formulation of an inverse problem

parametrized by 𝑥 ∈ 𝑋:

min
𝑦∈𝑌

𝐹(𝒜(𝑦); 𝑑) + 𝐺𝑥(𝑦)

In particular we are interested in the following weighted regularizer:

𝐺𝑥(𝑦) = ∑
𝑛

𝑖=1
𝜓(𝑥𝑖)|𝑦𝑖|
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Context 1. Motivation & Problem Statement

• Weighted regularizers are valuable when the model needs to be

robust and able to handle small and structured disturbances on the

data.

• By assigning different weights to individual features, the model can

adapt more flexibly to uncertainty.

• Maintain stable performance under noise or variation.

Xu et. al. (2008), Guo et. al. (2023)
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Applications 1. Motivation & Problem Statement

Overparametrized regression

min
𝑦∈ℝ𝑛

1
2

‖ 𝐴train𝑦 − 𝑦train ‖2 + ∑
𝑛

𝑖=1
exp(𝑥𝑖)|𝑦𝑖|

where 𝐴train ∈ ℝ𝑛×𝑚 with 𝑛 ≪ 𝑚 and 𝑦train ∈ ℝ𝑛 are the sample matrix

and the corresponding target vector, respectively.

Bilevel Hyperparameter Learning for Nonsmooth Regularized Imaging and ML Models 3 / 33



Applications 1. Motivation & Problem Statement

Wavelet-based image restoration

min
𝑦∈ℝ𝑛

1
2

‖ 𝑅𝑊𝑦 − 𝑦damaged ‖2 + ∑
𝑛

𝑖=1
exp(𝑥𝑖)|𝑦𝑖|

where 𝑅 is a blurring matrix and 𝑊  contains a wavelet basis.

• Multiplying by 𝑊  corresponds to performing the inverse wavelet

transform.
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Challenge 1. Motivation & Problem Statement

The hyperparameter 𝑥 is not known and must be learned from data.
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Challenge 1. Motivation & Problem Statement

The optimal selection of the hyperparameter 𝑥 has been addressed by

traditional families of techniques:

Grid search: evaluate the model for a set of hyperparameter values and

select the one that minimizes the validation error. → Cross-validation.

Bayesian optimization: model the hyperparameter space with a

probabilistic model and select the hyperparameter that maximizes the

expected improvement. → low dimensionality.
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2. Learning Model



Bilevel Hyperparameter Learning 2. Learning Model

We consider the optimal hyperparameter as the solution of a bilevel

optimization problem:

min
𝑥∈𝑋

𝐿(𝑥, 𝑦∗(𝑥)) s.t. 𝑦∗(𝑥) ∈ 𝑆(𝑥) ≔ arg min
𝑦∈𝑌

{𝐹(𝑦) + 𝐺𝑥(𝑦)}

where 𝐿 evaluates the performance of the learned hyperparameter on a

validation set, and 𝑆(𝑥) denotes the solution set of the lower-level

problem, obtained from the training set.
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Bilevel Hyperparameter Learning (Smooth Case) 2. Learning Model

If the solution map 𝑆 is single-valued and continuously differentiable,

then the bilevel problem can be reformulated as a single-level

optimization problem:

min
𝑥∈𝑋

Φ(𝑥) ≔ 𝐿(𝑥, 𝑆(𝑥)).

We can then compute its gradient with respect to 𝑥 using the IFT and the

chain rule (hypergradient):

∇𝑥Φ(𝑥) = ∇𝑥𝐿(𝑥, 𝑆(𝑥)) + 𝑆′(𝑥)⊤∇𝑦𝐿(𝑥, 𝑆(𝑥))
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Limitations & Gap 2. Learning Model

In the case of our regularizer, 𝐺𝑥 is not differentiable

Figure 1: |𝑦𝑖|𝛾 = √𝑦2
𝑖 + 𝛾2 Figure 2: FB Reformulation
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3. Forward-Backward Reformulation



Let us introduce the forward-backward operator and the residual

operator as follows:

𝑇 𝛾(𝑥, 𝑦) ≔ prox𝛾𝐺𝑥
(𝑦 − 𝛾∇𝐹(𝑦)) = (𝒯⚬ℋ𝛾)(𝑥, 𝑦),

𝑅𝛾(𝑥, 𝑦) ≔ 𝛾−1(𝑦 − 𝑇 𝛾(𝑥, 𝑦)),

where 𝒯 is the component-wise soft-thresholding operator and ℋ𝛾 is

defined as:

𝒯(𝑢, 𝑣) ≔ (sign(𝑣𝑖) max(|𝑣𝑖| − 𝛾, 0))𝑛
𝑖=1,

ℋ𝛾(𝑥, 𝑦) ≔ (𝛾Ψ(𝑥), 𝑦 − 𝛾∇𝐹(𝑦)).
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Bilevel FB Reformulation 3. Forward-Backward Reformulation

Then, we can reformulate the bilevel problem as:

min
𝑥∈𝑋

𝐿(𝑥, 𝑦∗(𝑥))

s.t. 𝑦∗(𝑥) ∈ 𝑆(𝑥) ≔ {𝑦 ∈ 𝑌 | 𝑅𝛾(𝑥, 𝑦) = 0}

Bilevel Hyperparameter Learning for Nonsmooth Regularized Imaging and ML Models 11 / 33



Bilevel FB Reformulation 3. Forward-Backward Reformulation

Then, we can reformulate the bilevel problem as:

min
𝑥∈𝑋

𝐿(𝑥, 𝑦∗(𝑥))

s.t. 𝑦∗(𝑥) ∈ 𝑆(𝑥) ≔ {𝑦 ∈ 𝑌 | 𝑅𝛾(𝑥, 𝑦) = 0}

• Does the solution set of this problem coincide with the original one?

• What properties does the solution mapping 𝑆 : 𝑋 → 𝑌  have?

• Can we compute the hyper(sub)gradient?
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Lower Level Solution Set 3. Forward-Backward Reformulation

The solution set of the original lower level problem and their FB

reformulation coincide.

Proposition :  Let 𝛾 > 0, 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 . Then,

(𝑖) 𝑅𝛾(𝑥, 𝑦) = 0,
(ii) 0 ∈ ∇𝐹(𝑦) + 𝜕𝐺𝑥(𝑦),
(iii) 𝑦 ∈ 𝑆(𝑥)
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Solution Set and Mapping 3. Forward-Backward Reformulation

Theorem :  For every 𝑥 ∈ 𝑋, the set 𝑆(𝑥) is single-valued.

Moreover, the mapping 𝑆 : 𝑋 → 𝑌  is locally Lipschitz continuous.

min
𝑥∈𝑋

𝐿(𝑥, 𝑦∗(𝑥))

s.t. 𝑦∗(𝑥) = 𝑆(𝑥) ≔ {𝑦 ∈ 𝑌 | 𝑦 − (𝒯⚬ℋ𝛾)(𝑥, 𝑦) = 0}
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Limiting Subdifferential 3. Forward-Backward Reformulation

Lemma :  Let 𝐿 be strictly differentiable at ( ̄𝑥, ̄𝑦) with ̄𝑦 ≔ 𝑆( ̄𝑥),
then we have the equality:

𝜕Φ( ̄𝑥) = ∇𝑥𝐿( ̄𝑥, ̄𝑦) + 𝐷∗𝑆( ̄𝑥)(∇𝑦𝐿( ̄𝑥, ̄𝑦)).

where 𝐷∗𝑆( ̄𝑥) is the Mordukhovich coderivative of 𝑆 at ̄𝑥.
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Generalized Differentiation 3. Forward-Backward Reformulation

Given a closed set 𝐶, the tangent cone to a set 𝐶 at ̄𝑥 ∈ 𝐶 is

𝑇 ( ̄𝑥; 𝐶) ≔ {𝑑 ∈ 𝑋 | ∃𝑥𝑘 → ̄𝑥, 𝑡𝑘 ↓ 0, s.t. ̄𝑥 + 𝑡𝑘𝑑 ∈ 𝐶}.

The Fréchet normal cone to 𝐶 at ̄𝑥 ∈ 𝐶 is given by 𝑁( ̄𝑥; 𝐶) ≔ 𝑇( ̄𝑥; 𝐶)⚬.

The Mordukhovich (limiting) normal cone to 𝐶 at ̄𝑥 ∈ 𝐶 is defined as:

𝑁( ̄𝑥; 𝐶) ≔ {𝑥∗ ∈ 𝑋 | ∃𝑥∗
𝑘 ∈ 𝑁(𝑥𝑘; 𝐶), s.t. (𝑥𝑘, 𝑥∗

𝑘) → ( ̄𝑥, 𝑥∗)}.

The Mordukhovich coderivative of a mapping 𝑆 : 𝑋 → 𝑌  at ̄𝑥 ∈ 𝑋 is:

𝐷∗𝑆( ̄𝑥)(𝑦∗) ≔ {𝑥∗ ∈ 𝑋 | (𝑥∗, −𝑦∗) ∈ 𝑁( ̄𝑥; gph 𝑆), for some 𝑦∗ ∈ 𝑌 }

Bilevel Hyperparameter Learning for Nonsmooth Regularized Imaging and ML Models 15 / 33



Coderivative Estimation 3. Forward-Backward Reformulation

Lemma :  Let 𝛾 > 0, ̄𝑥 ∈ 𝑋, ̄𝑦 ≔ 𝑆( ̄𝑥) and 𝑅𝛾 : 𝑋 × 𝑌 → 𝑍. Then,

provided that ker 𝐷∗𝑅𝛾( ̄𝑥, ̄𝑦) = {0}, the following relation holds:

𝐷∗𝑆( ̄𝑥)(𝑦∗) ⊂
{𝑥∗ ∈ 𝑋| (𝑥∗, −𝑦∗) ∈ 𝐷∗𝑅𝛾( ̄𝑥, ̄𝑦)(𝑧∗),  for some 𝑧∗ ∈ 𝑍}
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4. Coderivative Calculus for 𝑅𝛾



Once verified that the mappings 𝒯 and ℋ𝛾 satisfy the composition and

sum rules for the coderivative, we may rewrite the coderivative of the

residual operator 𝑅𝛾 as follows:

𝐷∗𝑅𝛾(𝑥, 𝑦)(𝑧∗) = (0, 𝑧∗) + 𝐷∗(𝒯⚬ℋ𝛾)(𝑥, 𝑦)(−𝑧∗)

= (0, 𝑧∗) + ∇ℋ𝛾(𝑥, 𝑦)⊤⚬𝐷∗𝒯(ℋ𝛾(𝑥, 𝑦))(𝑧∗),

where

𝐷∗𝒯(𝑢, 𝑣)(𝑧∗) ≔ {(𝑢, 𝑣)|(𝑢∗, 𝑣∗, −𝑧∗) ∈ 𝑁((𝑢, 𝑣, 𝑤); gph 𝒯)}
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gph 𝒯 4. Coderivative Calculus for 𝑅𝛾
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𝒯 Coderivative 4. Coderivative Calculus for 𝑅𝛾
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Residual coderivative 4. Coderivative Calculus for 𝑅𝛾

Lemma :  Let 𝐹  be twice continuously differentiable and let

(𝑥, 𝑦) ∈ ℝ𝑛 × ℝ𝑛 and take 𝛾 ∈ (0, Λ−1
𝐹 ). Then, the coderivative of

the residual operator 𝑅𝛾 is:

𝐷∗𝑅𝛾(𝑥, 𝑦)(𝑧∗) = {(𝑥∗, −𝑦∗)|

{
𝑥∗ = 𝛾∇Ψ(𝑥)𝑢∗

−𝑦∗ = 𝑧∗ + (𝐼 − 𝛾∇2𝐹(𝑦))⊤𝑣∗
, ∃(𝑢∗, 𝑣∗) ∈ 𝐷∗𝒯(ℋ𝛾(𝑥, 𝑦))(−𝑧∗)}
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Residual coderivative 4. Coderivative Calculus for 𝑅𝛾

Lemma :  Let 𝐹  be twice continuously differentiable and let

(𝑥, 𝑦) ∈ ℝ𝑛 × ℝ𝑛 and take 𝛾 ∈ (0, Λ−1
𝐹 ). Then, the kernel of

coderivative of the residual operator 𝑅𝛾 satisfy:

ker 𝐷∗𝑅𝛾(𝑥, 𝑦) = {0}
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5. Algorithm



Limiting subgradient selection 5. Algorithm

Lemma :  Let 𝛾 ∈ (0, Λ−1
𝐹 ) and fix 𝑥 ∈ ℝ𝑛. If

ℬ+(ℋ𝛾(𝑥, 𝑆(𝑥))) ∪ ℬ−(ℋ𝛾(𝑥, 𝑆(𝑥))) = ∅.

Then the coderivative of the solution operator 𝑆 at 𝑥 is a singleton

defined by:

𝐷∗𝑆(𝑥)(𝑦∗) = {−ΞΥ−1𝑦∗}.

Remark: This result also holds for arbitrary partitions of the biactive sets.
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Limiting subgradient selection 5. Algorithm

Ξ ∈ ℝ𝑛×𝑛 and Υ ∈ ℝ𝑛×𝑛 are square matrices built as follows:

Ξ𝑖 =

⎩{
{{
⎨
{{
{⎧𝛾∇Ψ(𝑥)𝑖 if 𝑖 ∈ ℐ+(ℋ𝛾(𝑥, 𝑆(𝑥)))

−𝛾∇Ψ(𝑥)𝑖 if 𝑖 ∈ ℐ−(ℋ𝛾(𝑥, 𝑆(𝑥)))

0𝑖 otherwise

Υ𝑖 =
⎩{
⎨
{⎧∇2𝐹(𝑆(𝑥))𝑖 if 𝑖 ∉ 𝒜(ℋ𝛾(𝑥, 𝑆(𝑥)))

0𝑖 otherwise

Subgradient selection: 𝜂 = ∇𝑥𝐿( ̄𝑥, ̄𝑦) − ΞΥ−1∇𝑦𝐿( ̄𝑥, ̄𝑦)
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Subgradient computation 5. Algorithm

Bilevel Hyperparameter Learning for Nonsmooth Regularized Imaging and ML Models 24 / 33



Nonsmooth Bilevel Approximation (NBA-𝑤𝐿1) 5. Algorithm
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6. Experiments



Weighted Elastic Net Linear Regression 6. Experiments

min
𝑥∈ℝ𝑚

𝐿(𝑥, 𝑦∗(𝑥)) ≔
1
2

‖ 𝐴val𝑦∗(𝑥) − 𝑏val ‖2

s.t. 𝑦∗(𝑥) = arg min
𝑦∈ℝ𝑛

{
1
2

‖ 𝐴train𝑦 − 𝑏train ‖2 +
𝛼
2

‖𝑦‖2 + ∑
𝑚

𝑖=1
exp(𝑥𝑖)|𝑦𝑖|}
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Weighted Elastic Net Linear Regression 6. Experiments

Figure 3: 𝑛 = 100, 𝑚 = 100, nz = 10

Figure 4: 𝑛 = 100, 𝑚 = 100, nz = 20
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Weighted Elastic Net Linear Regression 6. Experiments

Figure 5: 𝑛 = 100, 𝑚 = 200, nz = 20

Figure 6: 𝑛 = 100, 𝑚 = 200, nz = 40
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Weighted Elastic Net Linear Regression 6. Experiments
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Weighted Elastic Net Logistic Regression 6. Experiments

min
𝑥∈ℝ𝑚

𝑙(𝑦∗(𝑥); 𝐴val, 𝑏val)

s.t. 𝑦∗(𝑥) = arg min
𝑦∈ℝ𝑛

{𝑙(𝑦; 𝐴train, 𝑏train) +
𝛼
2

‖𝑦‖2 + ∑
𝑚

𝑖=1
exp(𝑥𝑖)|𝑦𝑖|}

where 𝑙(𝑦; 𝐴, 𝑏) is the binary cross-entropy loss.

𝑙(𝑦; 𝐴, 𝑏) ≔ −
1
𝑁

∑
𝑁

𝑖=1
[𝑏𝑖 log(𝐴⊤

𝑖 𝑦) + (1 − 𝑏𝑖) log(1 − 𝐴⊤
𝑖 𝑦)]
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Weighted Elastic Net Logistic Regression 6. Experiments
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7. Conclusions



• We proposed a bilevel optimization-based framework for tuning

parameters of models that consider a weighted 𝑙1 regularizer.

• We proposed a FB reformulation for a lower-level problem that

maintains the same solution set.

• We provided a computable characterization of a limiting subgradient

of a bilevel optimization problem with a nonsmooth lower-level

problem involving a weighted 𝑙1 regularizer.
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Thank you for your attention!

https://david.villacis.net
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